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P. KASPRZAK 

C 2 ^ ' Abstract. We start from Rieffol data {A, ^, p), where A is a C*-algebra, p is 

^Nj , an action of an abelian group F on A and ^ is a 2-cocycle on the dual group. 

Using Landstad theory of crossed product we get a deformed C*-algebra A*. 
In the case of F = R" we obtain a very simple proof of invariance of /C-groups 
under the deformation. In the general case we also get a very simple proof that 
nuclearity is preserved under the deformation. We show how our approach 
^iv^ 1 leads to quantum groups and investigate their duality. The general theory is 

illustrated by an example of the deformation of SL{2, C). A description of it, 
in terms of noncommutative coordinates «,/3,7,5, is given. 
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1. Introduction. 



In [13] Rieffel described the method of defornimg of C* -algebras known today 
as the Rieffel deformation. Having an action of R'^ on a C*-algebra A and a 
skew symmetric operator J : R'' i— ?> K'' Rieffel defined a new product that gave 
rise to the deformed C*-algebra A'' . In [15] the Rieffel deformation was applied 
to the C*-algebra of continuous functions vanishing at infinity on a Lie group 
G. An action of R" was constructed using the left and right shifts along a fixed 
abelian Lie subgroup F. Having the deformed C*-algebra Rieffel introduced a 
comultiplication, a coinverse and a counit, showing that it is a locally compact 
quantum group. 

M. Enock and L. Vainerman in [4] gave a method of deforming of the dual object 
associated with the locally compact group G that is (C*(G), A) where C*(G) is 
the reduced group C*-algebra and A is the canonical comultiplication on it. Using 
an abelian subgroup F C G and a 2-cocycle on the Pontryiagin dual group F 
they twisted the canonical comultiplication A on the reduced group C*-algebra 
C*(G) obtaining a new quantum group. They also presented a formula for a 
multiplicative unitary and described a Haar measure for this new quantum group. 

The existence of these two methods of deforming of objects related to a group G 
prompts the question about the relations between them. In this paper it is shown 
that they are dual versions of the same mathematical procedure. Let us note that 
the deformation framework of Enock and Vainerman is in a sense more general 
than the one of Rieffel: instead of a skew symmetric matrix on R" they use a 
2-cocycle 5* on F. This suggests that it should be possible to perform the Rieffel 
deformation of a C*-algebra A acted on by an abelian group F with a 2-cocycle ^ 
on F. A formulation of Rieffel deformation in that context is one of the results of 
this paper. 

Let us briefly describe the contents of the whole paper. In the next section we 
revise the Landstad theory of crossed products. We prove a couple of useful results 
that we could not find in the literature. In Section[3]we use the Landstad's theory 
to give a new approach to the Rieffel deformation of C*-algebras. In Section 
H] we apply the Rieffel deformation to locally compact groups. We show that 
Enock- Vainerman's and Rieffel's approach give mutually dual, locally compact 
quantum groups. Moreover, a formula for a Haar measure on a quantized algebra 
of functions is given. In the last section we use our scheme to deform SL{2, C). The 
subgroup F consists of diagonal matrices. We show that the deformed C*-algebra 
A is generated in the sense of Woronowicz by four affiliated elements d, /3, 7, 5 and 
give a detailed description of the commutation relations they satisfy. Moreover, 
we show that the comultiplication A* e Mor(A; A® A) acts on the generators in 
the standard way: 



Throughout the paper we will freely use the language of C*-algebras and the 
theory of locally compact quantum groups. For the notion of multipliers, affiliated 
elements, algebras generated by a family of affiliated elements and morphism of 



A*(d) = Q;«)d-i-/3«)7 A' 
A* (7) = 7(8)d + (5(g)7 A 



(,5) = (5 «) (5 -i- 7 (g) /?. 



(1) 
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C*-algebras we refer the reader to [T7] and [3T]. For the theory of locally compact 
quantum groups we refer to [7] and 

Some remarks about the notation. For a subset X of a Banach space B, X"^^^ 
denotes the closed linear span of X. Let A be a C*-algebra and A* be its Banach 
dual. A* is an A-bimodule where for ui £ A* and b,b' E A we define b ■ lu ■ b' hy 
the formula: 

b-uj- b'{a) = uj{b'ab) 

for any a E A. 

2. Landstad theory of crossed products. 

Let us start this section with a definition of F-product. For a detailed treatment 
of this notion see [12] . 

Definition 2.1. Let F be a locally compact abelian group, F its Pontryagin dual, 
B a C*-algebra, A a homomorphism of F into the unitary group of M{B) contin- 
uous in the strict topology of M{B) and let p be a continuous action of F on B. 
The triple {B, A, p) is called a F-product if: 

for any 7 e F and 7 € F. 

The unitary representation A : F — >■ M{B) gives rise to a morphism of C*- 
algebras A € Mor(C*(F); B) . Identifying C*(F) with Coo(f ) via the Fourier trans- 
form, we get a morphism A G Mor(Coo(r); S)- Let e Aut(Coo(r)) denote the 
shift automorphism: 

r^ifW) = /(f + 7) for all / G Coo(f ). 

It is easy to see that A intertwines the action p with r: 

A(r^(/))=/5^(A(/)) (2) 

for any / G Coo(r). The following lemma seems to be known but we could not 
find any reference. 

Lemma 2.2. Let {B, A, p) be a T-product. Then the morphism A G Mor(Coo(r); B) 
is injective. 

Proof. The kernel of the morphism A is an ideal in Coo(r) hence it is contained in 
a maximal ideal. Therefore there exists 70 such that /(70) = for all / € kerA. 
Equation © implies that kerA is r invariant. Hence /(70 -I-7) = for all 7. This 
shows that f ~ and kerA ~ {0}. □ 

In what follows we usually treat a C*- algebra Coo(r) as a subalgebra of M{B) 
and we will not use the embedding A explicitly. 

Definition 2.3. Let {B,X,p) be a F-product and x G M{B). We say that x 
satisfies the Landstad conditions if: 

(i) P-y{x) = X for all 7 € F; 

{ii) the map F 3 7 i-)- X^xX* G M{B) is norm continuous; (3) 
(m) fxg G B for ah f,g e C^{t). 
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In computations it is useful to smear unitary elements G M(_B) with a 
function h G L'^{T): 

\h = J h{-f)X^d-f G M{B). 

Note that Xh G M{B) coincides with the Fourier transform of h: G Coo(r)- 

In the original form of Definition 12.31 given by Landstad the third condition had 
the form: 

A/x, xA/ G B for all /,g G L^(r). (4) 

Our conditions are simpler to check, which turns out to be useful in the example 
considered at the end of the paper. As shown below both definitions of invariants 
are in fact equivalent. The argument is very similar to the one given in |13) which 
shows that the third Landstad condition can be also replaced by 

XfX G B for aU / G L^iT). 

Assume that x G M{B) satisfies the Landstad conditions ([3]). Choose e > and a 
function / G L^(T). By the second Landstad condition we can find a finite volume 
neighborhood O of the neutral element e G F such that: 

IIA^a; - xA^II < e for aU jeO. (5) 

Let xo denote the normalized characteristic function of O C F: 




if 7 G O 
if 7 G F\C'. 



Then by (O we have: 

llAxoX-xAxoll < £• (6) 
If necessary, we can choose a smaller neighborhood and assume also that: 

||A/A^„-A;||<e. (7) 

The calculation below is self-explanatory 

XfX = Xfx-XfX^„x + XfX^^x = (A/a;-A/Axoa;) + (A/Axoa;-A/a;Axo) + A/2:A;^o 

and together with ^ and ([7]) shows that: 

\\XfX - XfxX^oW < e{\\x\\ + IIA/II). 

Hence we can approximate XfX hy elements of the form XfxX^^ G B. This shows 
that XfX € B. A similar argument proves the second inclusion: xXf G -B. 

The set of elements satisfying Landstad's conditions is a C*-algebra. We shall 
call it the Landstad algebra and denote it by A. It follows from Definition [531 that 
if a G A then A-yaA* G A and the map F G 7 i— > A-^aA* G A is norm continuous. 
An action of F on A defined in this way will be denoted by p . 

It can be shown that the embedding of A into M{B) is a morphism of C*- 
algebras (c.f. [10], Section 2). Hence the multipliers algebra M{A) can also be 
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embedded into M{B). Let x e M{B). Then x G M{A) if and only if it satisfies tlie 
following two conditions: 

(i) Pj{x) = X for all 7 G F; 

(ii) for all a Cz A, the map ,a\ 
T3j^ X^xX*a G M{B) ^ ' 
is norm continuous. 

Note that the first and the second condition of imply conditions ([5]). 

Examples of F-products can be obtained via the crossed-product construction. 
Let A be a C*-algebra with an action p of F on A. There exists the standard action 
p of the group F on A XpF and a unitary representation G M(A XpF) such that 
the triple {A xip F, A-y, p) is a F-product. It turns out that all F-products {B, A, p) 
are crossed-products of the Landstad algebra A by the action p implemented by 
A. The following theorem is due to Landstad (Theorem 7.8.8, [12]): 

Theorem 2.4. A triple {B,X,p) is a T-product if and only if there is a C*- 
dynamical system (A,T,p) such that B — A ys pT. This system is unique up to 
isomorphism and A consist of the elements in M(i3) that satisfy Landstad condi- 
tions while p-y{a) = X-^aX*. 

Remark 2.5. The main problem in the proof of the above theorem is to show 
that the Landstad algebra is not small. It is solved by integrating the action p 
over the dual group. More precisely, we say that an element x G M{B)+ is p - 
integrable if there exists y G M(_B)+ such that 

for any u) G M(i?)^^. We denote y by €(a;). If a; G M(_B) is not positive then we 
say that it is /5 -integrable if it can be written as a linear combination of positive 
/5 -integrable elements. The set of p - integrable elements will be denoted by D{€). 
The averaging procedure induces a map: 

£ : £>((£) <^ M{B). 

It can be shown that for a large class of x G D{€), <B{x) is an element of the 
Landstad algebra A. This is the case for /16/2 where b E B and /i,/2 G Coo(r) 
are square integrable. Moreover the map: 

B3b^ l£(/i6/2) e M{B) (9) 

is continuous with the following estimate for norms 

mhbf2)\\ < 11/1II2I1&1111/2II2 (10) 

where || -112 is the L^-norm. Furthermore, we have 

{e:(/ifo/2) : beB, A, /2 G Coo(f ) n ^^(f)}"' = A. (11) 

The last equality was not proven in [12]. We shall need it at some point so 
let us give a proof here. Let a £ A and /i,/2,/3,/4 be continuous, compactly 
supported functions on F. Consider an element x = Xf^Xf^aXf^Xf^. Clearly x = 
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d{fimf2)adihmU) and difi), ■ ■ • ,5(/4) e i'(f ), hence by (HUD x G D{€). We 
compute: 



djPj (^J 0^71^^72^73^74/1 (7i)/2(72)A^i+-y2aA^3+^^/3(73)/4(74) 
d7 y d7id72d73d74(^(7, 71 + 72 + 73 + 74) /i (71) 72(72) 

X A7i+72aA^3+^^/3(73)/4(74)) • 

Using properties of the Fourier transform we obtain : 

= / ^71^72^73 P7i+72(a)/i(7i)/2(72)/3(73)/4(-7i - 72 - 73)- (12) 



If /i5/2,/3 approximate the Dirac delta function and /4(0) = 1 then using (|T2|) 
we see that elements £(A/j A/^aA/g A/^) approximate a in norm. This proves ([Tl]) . 

The following lemma is simple but very useful: 

Lemma 2.6. Let (B, A, p) be a T-product, A its Landstad algebra, p an action 
of T on A implemented by A and V d A a subset of the Landstad algebra which 

( " . \cls 

is invariant under the action p and such that I Coo(r)V Cc«(r) ] = B. Then 
V^i" = A. 

Proof. This proof is similar to the proof of formula (fTTj) . Let /i,/2,/3,/4 be 
continuous, compactly supported functions on F. Using ()10p and ()lip we get: 

A = {e{XfAXf,vXf,)Xu):veVr'^. (13) 

A simple calculation shows that: 



'S(A/i(A/2wA/3)A/J = J d7id72d73p^,+^,(u)/i(7i)/2(72)/3(73)/4(-7i -72 -73)- 
Note that the integrand 

F X F 9 (71,72,73) 1-^ P7i+72(^^)/i(7i)/2(72)/3(73)/4(-7i - 72 - 73) e V 
is a norm continuous, compactly supported function, hence 

<B{Xf,vXf,Xf,) e v^'^ 

From this and ^ we get V^'" ^ A. □ 

The next proposition shows that morphisms of F-products induce morphisms of 
their Landstad algebras. The below result can be, to some extent, deduced from 
the results of paper [5] . 

Proposition 2.7. Let {B,X,p) and {B',X',p') be T-products and let A, A' be 

Landstad algebras for B and B' respectively. Assume thati: G Mor(_B, _B') satisfies: 



. 7r{p^{b))^p'-{7r{b)). 
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Then Tr{A) C M{A') and 7r|^ G Moi-(A,A'). Moreover, if Tr{B) C B' then tt{A) C 
A'. IfTT{B) = B then tt{A) = A'. 

Proof. We start by showing that 7r(A) C M(A'). Let a € A. Then 

p^(7r(a)) = 7r(p^(a)) = 7r(a). 

Hence 7r(a) is p' invariant. Moreover the map: 

r 9 7 A%7r(a)A'; = 7r(A^aA;) S M(A') 

is norm continuous. This shows that 7r(a) satisfies the first and the second Land- 
stad condition of ([3]) which guaranties that 7r(a) G M{A'). 

To prove that the homomorphism tt restricted to A is in fact a morphism from 
A to A' we have to check that the set tt{A)A' is hnearly dense in A' . We know 
that tt{B)B' is linearly dense in B' . Using this fact in the last equality below, we 
get 

{C*(T)Tr{A)A'C*{r)f" = {7:{C*(T)A)A'C*(T)f" 
= {7:{B)B'f" = B'. 

Moreover 

A;^(a)a'A'; =7r(A^aA;)A;a'A';, 

hence the set tt{A)A' is p'-invariant (remember that p' is the action of F imple- 
mented by A'). This shows that Tr{A)A' satisfies the assumptions of Lemma [2.61 
and gives the density of Tr{A)A' in A' . 

Assume now that tt{B) C B'. Let a G A satisfy Landstad conditions ([3]). Then 
as was shown at the beginning of the proof, 7r(a) satisfies the first and the second 
Landstad condition. Moreover fn{a)g — Ti{fag) E B' for all f,g E Coo(r), hence 
7r(a) also satisfies the third Landstad condition. Therefore 7r(a) e A' . 

If tt{B) = B' then the equality 

e(/l^(&)/2) - ^(<S(/l6/2)) (14) 

and property (fTT|) shows that tt{A) — A' . 
To prove ^ take uj e M{B')*. Then 

a;(7r(e;(/i6/2)))=wo7r(e:(/i6/2)))- / dj u; o Trip^f.bf^)) 



'^7w(/5^(/i7r(6)/2)) ^^yj c?7P7(/i7r(6)/2) 
= c.(e:(/i^(6)/2)). 

Hence 7r(£(/i6/2)) = <£{fMb)f2). □ 

Let F' be an abelian locally compact group and : F i— > F' a continuous 
homomorphism. For 7' G F' we set 0^(7') = 7' o t/i g F. The map 

(f:t'^t, 0^(7') = 7' o 

is a continuous group homomorphism called the dual homomorphism. We have a 
version of Proposition 12 . 71 with two different groups. 
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Proposition 2.8. Let {B, A, p) be a T-product, {B' , A', p') a T' -product, : F M- F' 
a surjective continuous homomorphism and (f)^ : F' h- !■ F the dual homomorphism. 
Assume that tt €E Mor(_B, B') satisfies: 

• 7r(A^) A'^(^) 

• P'^'i^b)) = 7r(/5^T(^, )(&)). 

Then 7r{A) C M{A') and n\A G Mor(A, A'). Moreover, if it{B) C B' then tt{A) C 
A'. IfTT{B) = B then tt{A) = A'. 

Let TT g Mor(i?, i?') be a morphism of C*-algebras satisfying the assumptions of 
Proposition 12 . 71 sucli tliat 7r(_B) = B' . We liave an exact sequence of C*-algebras: 

^ ker TT ^ B A B' 0. (15) 

Tlie C*-algebra kervr has a canonical F-product structure. Indeed, consider a 
morphism a S Mor(i?; kerTr) associated with the ideal kerTr C B: 

a{b)j = bj 

where 6 G B and j G kerTr. Note that 

a{b) ~ b for any b E kervr C B. (16) 

For aU 7 € F we set A^ = a(A-y) G M(ker7r). The map F 9 7 A^ e M(ker7r) 
is a strictly continuous representation of F on ker n. Moreover ker n is invariant 
under the action p. The restriction of p to kervr will also be denoted by p. It is 
easy to check that p^(^Xj) = (7,7)A-y which shows that the triple (kerTr, A, /5) is 
a F-product. Let I, A, A' be Landstad algebras for the F-products (ker 7r, A, p) , 
{B, A, p), {B' , A', p') respectively. Our objective is to show that the exact sequence 
([TSl) induces an exact sequence of Landstad algebras: 

O^I^A^A'^0. (17) 

Let 7f G Mor(yl; A') denote a morphism of Landstad algebras induced by tt. We 
assumed that tt is surjective, hence by Proposition 12 . 71 tt (A) = A' and we have an 
exact sequence of C*-algebras: 

^ kervr ^ A 4 A' ^ 0. 

It is easy to check that the morphism a G Mor(i?; kervr) satisfies the assumptions 
of Proposition 12.71 hence a{A) C M(I). If we show that a restricted to kervr 
identifies it with the Landstad algebra I, then the existence of the exact sequence 
(fTTl) will be proven. There are two conditions to be checked : 

(i) a (ker vf) = I; 

(ii) if a; G ker vf and a{x) — then x = 0. 

Ad(i) Let a E kervr and / E Coo(r). Then af E B kervr, hence 

a{a)f — a{af) — af E kervr, (18) 

where we used ([T6|. This shows that a (a) satisfies the third Landstad condition 
for F-product (kervr. A, p). As in Proposition 12 . 71 we check that a{a) also satisfies 
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the first and the second Landstad condition, hence a(ker7r) C I. Furthermore, 
2;(/i6/2) e ker-TT for aU b e kervr, and we have 

aWibh) = (£(/ia(5)/2)) - (£(/i6/2). 

Using (fTTj) we see that Q;(ker7f) = I. 

Ad(ii) Assume that a S kervf and a{a) — 0. Note that af G kein for any 
/ e Coo(r)- Using (fT6|) we get a/ = a{af) — a{a)a{f ) = 0. Hence af ~ for any 
/ € Coo(r), which implies that a = 0. We can summarize the above considerations 
in the following: 

Proposition 2.9. Let {B,X,p), {B',X',p') be T-products with Landstad algebras 
A, A' respectively, tt € Mor(i?, B') a surjective morphism intertwining p and p' 
such that vr(A^) — A^. Let (kerTr, A,p) be the T-product described after Proposition 
\2.^^ and let X C M(ker7r) be its Landstad algebra. Then X can be embedded into A 
and we have a T-equivariant exact sequence: 

O^X^A^A'^0 

where n = 7r|^. 

3. RiEFFEL DEFORMATION OF C*-ALGEBRAS. 

3.1. Deformation procedure. Let {B, X, p) be a F-product. A 2-cocycle on the 
group F is a continuous function ^1/ : F x F — > satisfying: 

(i) *(e, 7) = ^'(7, e) = 1 for all 7 G f ; 

(ii) ^'(71, 72 +73)^(72, 73) = ^'(71 +72,73)^'(7i7 72) for all 71,72,73 e f. 
(For the theory of 2-cocycles we refer to 

For 7, 71 we set 4'^ (71) — ^['(71, 7). It defines a family of functions 'if^ : F i-^- T^. 
Using the embedding A e Mor(Coc(r); B) we get a strictly continuous family of 
unitary elements 

= A(5'^) e M{B). (19) 
The 2-cocycle condition for 5* gives: 

C^7i+72 = * (71, 72)1/71^71(^^72)- (20) 

Theorem 3.1. Let {B,X,p) be a T-product and let ^ &e a 2-cocycle on F. For 
any 7 G F the map 

p^ -.BBb^ p^ib) = u;p4b)u^ e B 

is an automorphism of C* -algebra B. Moreover, 

p* : f 9 7 e Aut(B) 

is a strongly continuous action of T on B and the triple {B, A^, /5*) is a T-product. 
Proof. Using equation ((20)) we get 

= ^'(71, 72)C/^i/57i (C/72)*P7i (^2 ib))f>'n (t/72)t^7i*(7i, 72) 
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This shows that p* is an action of f on B. Applying /5* to we get: 

p?(A^) = U^p^{X^)Uy = (7,7)[/*A-yC/^ = (7,7)^7. 

The last equality follows from commutativity of F. Hence the triple (B, A-^, p*) is 
a F-product. □ 

The above theorem leads to the following procedure of deformation of C*- 
algebras. The data needed to perform the deformation is a triple {A, p, con- 
sisting of a C*-algebra A, an action p of a locally compact abelian group F and 
a 2-cocycle 5" on F. Such a triple is called deformation data. The resulting C*- 
algebra will be denoted v4* . The procedure is carried out in three steps : 

(1) Construct the crossed product B ~ A ytpT. Let {B, A, p) be the standard 
F-product structure of the crossed product. 

(2) Introduce a F-product (i?, A,/5*) as described in Theorem 13. II 

(3) Let A* be the Landstad algebra of the F-product (S, A,p*). 
Note that A* still carries an action p* of F given by 

p* (2;) — XjxX^. 

In this case it is not the formula defining the action itself, but its domain of 
definition that changes under deformation. The triple (A*,F, p*) will be called a 
twisted dynamical system. The procedure of deformation described above is called 
the Rieffel deformation. Using Theorem 12.41 we immediately get 

Proposition 3.2. Let {A, p, be deformation data and (A*, F, p*) be the twisted 
dynamical system considered above. Then 

AxpF = A* Xp* F. 

In what follows we investigate the dependence of the Rieffel deformation on the 
choice of a 2-cocycle. Let / : F 1— > be a continuous function such that /(e) = 1. 
For all 71 , 72 e F we set 

Q.^- - N /(7I +72) 

/(7i)/(72) 

One can check that the map 

9/:fxf9 (71,72)^ 

/(7i)/(72) 

is a 2-cocycle. 2-cocycles of this form are considered to be trivial. We say that a 
pair of 2-cocycles ^'2 is in the same cohomology class if they differ by a trivial 
2 cocycle: *2 = *i9/. 

Theorem 3.3. Let (A, p, ^P) be deformation data, giving rise to a Landstad algebra 
A* . Then the isomorphism class of the Landstad algebra A'^ depends only on the 
cohomology class of . 

Theorem 13.31 easilv follows from the next two lemmas. 

Lemma 3.4. Let (yl,p, ^) be deformation data with a trivial 2-cocycle = df. 
Then A and A'^ are isomorphic. More precisely, treating f as an element of 
C* -algebra M{A ytpT) we have A* = {faf* -.aG A}. 



11 



Proof. Fixing the second variable in 4' we get a family of the form 

*7=7Mrr^(/)- (21) 

where Tj{f){'j') — /(7 + 7')- Let Uj G M{A xipF) be the unitary element given by 

(c.f. (Ull)). The function / can be embedded into M{A Xp T) and using 
we get: 

Uy^mrhif)- (22) 

Assume that a £ A. Then 

= U^p^{f)ap4frU^. 

Using equation (1^ we see that 

p^ifaf*) - f{i)fhifrh{f)ahurW)rh{f) = m* 

which means that the element faf* satisfies the first Landstad condition for the 
F-product {A xip F, A, p*). It is easy to check that it also satisfies the second and 
third Landstad condition, hence fAf* C A*. An analogous reasoning proves the 
opposite inclusion fAf* D A'^ . □ 



Let 5*1, be a pair of 2-cocycles on f. Their product ^1^*2 is also a 2- 
cocycle. Let {A,T,p) be a dynamical system. The deformation data ^1) 
gives rise to the twisted dynamical system , F, ). Furthermore, the triple 
(v4*i , p*i , ^'2) is deformation data which gives rise to the C*-algebra (A*!)*^. 
At the same time, using the deformation data {A, p, '^±'^'2) we can introduce the 
C*-algebra ^1*1*=. 

Lemma 3.5. Let {A,T,p) be a T-product and let 5'i,\E'2 be 2-cocycles on the 
group T. Let (A*^)*^ be a G* -algebra constructed from the deformation data 
, p*i , ^'2) and let ^4*1*2 ^ C* -algebra constructed from the deformation 
data {A, p,^' 1^2)- Then 

Proof The algebras a^jj (■^*i)*2 p^n be embedded into M{A Xp F): they 

are Landstad algebras of the F-products (AxpF, A, p*!*^) and (^XpF, A, (/5*i)*^) 
respectively. Note that C/*^*' = U^'U^\ hence 

p*i*^(6) = C/*i*^;p^(6)C/*^*^ 

= U%U%p^ib)U^^U^-^ = {p^^)p{b). 

This shows that = (p*!)*^ and implies that the {A Xp F,A,/3*i*^) and 

(A Xp F, A, (/5*i)*^) are in fact the same F-products. Therefore their Landstad 
algebras coincide. □ 
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3.2. Punctorial properties of the Rieffel deformation. Let {B, A, p) be a 

F-product, a 2-cocycle on the dual group T and H a Hilbert space. Using 
Theorem O we introduce the twisted T-product (B,A,/5*). Let A, A* C M{B) 
be Landstad algebras of {B, A, p) and (i?, A, p*) respectively and tt £ Rep(i?; H) a 
representation of the C*-algebra B. The representation of B extends to multipliers 
M{B) and can be restricted to A and . 

Theorem 3.6. Let {B,X,p), (-B,A,p*) be T-products considered above, A, A^ 
their Landstad algebras and tt a representation of C* -algebra B on a Hilbert space 
H . Then tt is faithful on A if and only if it is faithful on A*. 

Proof. Assume that tt is faithful on A and let a G A* be such that 7r(a) = 0. 
Invariance of a with respect to the action p* implies that p^{a) = U^aUi. Hence 

p^{f)U.,aU;p^{gf*\--,) = p4fagf*X^^). (23) 

for all f,g E Coo(r). The element a E A* belongs to kervr therefore 

T^{PiU)U^aU^p^{gf* X-^)) = 0. 

Combining it with equation ([25)1 we obtain Tr(^p^{fagf*X-~f)) = 0. 

Assume now that f,g G L'^{r) n Coo(r). Let € denote the averaging map with 
respect to undeformed action p. Then fagf*X^^ E D{<B) and <B{fagf*X^y) — 0. 
Indeed, let uj eB{H)^. Then 

u(n{e{fagf*X^.,))) = lo o ^{<t[fagf*X-^)) 

= j d^/u;{7:{p{fagf*X^^))) =0. 

Hence u}(n{e{fagf*X^-y))'j ^ for any uj E B{H)^ and 7r((£(/ag/*A_^)) = 0. 
But €{fagf*X-^) E A and tt is faithful on A hence 

€{fagf*X-^) = for all /,.g E L^{t) n Ceo(f )• (24) 

We will show that the above equation may be satisfied only if a = 0. Let /e E L^{T) 
be an approximation of the Dirac delta function as used in Theorem 7.8.7 of |12j . 
This theorem says that for any y of the form y = fagf* we have the following 
norm convergence: 

lim / <£{yX_y)X^Xf^dj = y. 

Using (1211) we get £(?/A_^) = (t{fagf*X^^) = hence fagf* = for all f,g E 
I/^(r)nCoo(r)- This immediately implies that a — Q and shows that tt is faithful on 
A* . A similar argument shows that faithfulness of tt on implies its faithfulness 
on A. □ 

Definition 3.7. Let (A, p, ^P), (A'jp',^'') be deformation data with groups T 
and F' respectively. Let </> : F i— >■ F' be a surjective continuous homomorphism, 
(/>-^ : F' F the dual homomorphism and tt E Mor(A, A'). We say that (tt, </>) is a 
morphism of deformation data (A, p, 4') and {A' , p', Vf') if 
• * o (0^ X 0^) = 
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Using universal properties of crossed products, we see that a morphism (tt, 0) 
of the deformation data induces the morphism tt'^ G Mor(A xi F; A' xi F') of crossed 
products. One can check that w'^ satisfies the assumptions of Proposition 12 . 81 with 
the F-product {A Xp F, A, p) and the F'-product {A' Xp' F', A', p'). This property is 
not spoiled by the deformation procedure. Applying Proposition 12 . 81 and Theorem 
l3Jlto the morphism tt"^ e Mot{A XpF;A' Xp/ F'), F-product {A XpF, A,/5*) and 
F'-product {A' Xp- F', A',p'*') we get 

Proposition 3.8. Let (tt, 0) be a morphism of deformation data (A,/?, ^) and 
{A',p','ii') and let vr*^ G Mor(A Xp F; A' Xp/ F') be the induced morphism of 
the crossed products considered above. Then 7r'^(A*) C M(yl'* ) and tt"^!^* G 
Mor(A*; A'* ). Morphism tt G Mor(A; A') is injective if and only if so is tt"^!^* G 
Mor(A*; A'*') and n{A) ^ A' if and only ifn't'{A'^) = A'*'. 

Let (I, F,px), (A,F,p), (A',F, p') be dynamical systems and let 

O^I^A^A'^0 (25) 

be an exact sequence of C*-algebras which is F-equivariant. Morphism tt induces 
a surjective morphism tt G Mor(A Xp F; A' Xp/ F). It sends A to A' by means of tt 
and it is identity on C*(F). Its kernel can be identified with I Xp^- F so we have 
an exact sequence of crossed product C*-algebras: 

O^IXp^F^ AxpF^A' Xp, F^O. (26) 

Note that tt G Mor(A Xp F; A' Xp/ F) satisfies the assumptions of Proposition 12.91 
with the F-products (AxpF, A, p) and (yl' Xp/F, A', p'). This property is not spoiled 
by the deformation procedure. Hence applying Proposition 12.91 to the F-products 
(A XpF,A,p*) and (A' Xp/ F,A',p'*) we obtain 

Theorem 3.9. Let (I, F,/9x), iA,T,p), {A',T,p') be dynamical systems. Let 

O^I^A^A'^0 

be an exact sequence of C* -algebras which is T-equivariant, 4' a 2-cocycle on the 
dual group F and , A^ , A'* the Landstad algebras constructed from the de- 
formation data (I, pi,^'), (j4,/9, ^), (A',/?',^). Then we have the T-equivariant 
exact sequence: 

where the morphism tt* G Mor(A*; A'*) is the restriction of the morphism tt G 
Mor(A Xp F, A' Xp, F) to the Landstad algebra A* C M{A Xp F). 

3.3. Preservation of nuclearity. 

Theorem 3.10. Let (A, p, ^t) be the deformation data which gives rise to the 
Landstad algebra A*. C* -algebra A is nuclear if and only if is. 

The proof follows from the equality A x p F = A* x p* F (Proposition 13. 2p and 
the following: 
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Theorem 3.11. Let A be a C* -algebra with an action p of an abelian group T. 
Then A is nuclear if and only if A yd pT is nuclear. 

The above theorem can be deduced from Theorem 3.3 and Theorem 3.16 of 

m- 

3.4. /C-theory in the case of F = M". In this section we wiU prove the invariance 
of /C-groups under the Rieffel deformation in the case of F = R". The tool we use 
is the analogue of the Thom isomorphism due to Connes [2]: 

Theorem 3.12. Let A be a C* -algebra, and p an action ofR"' on A. Then 

/C,(A)~/C,+„(Axp]R"). 

Theorem 3.13. Let {A,W^,p) be a dynamical system and let {A,p,'^) be the 
deformation data giving rise to the Landstad algebra A* . Then 

/C,(A)~/C,(A*). 

Proof. Proposition 13.21 asserts that 

A XpM" ~ A* M". 

Hence using Theorem 13 . 1 21 we get 

IC,{A) ~ IC,+n{A XpK") ~ /C,+„(A* Xp* M") ~ /C,(A*). 

□ 

4. Rieffel deformation of locally compact groups. 

4.1. Prom an abelian subgroup with a dual 2-cocycle to a quantum 
group. In this section we shall apply our deformation procedure to the alge- 
bra of functions on a locally compact group G. First we shall fix a notation and 
introduce auxihary objects. Let G 9 g i-> i?g G B(L^(G)) be the right regular 
representation of G on Hilbert space L^{G) of the right invariant Haar measure. 
Let Coo(G) C B(i^(G)) be the C*-algebra of continuous functions on G vanishing 
at infinity, C*(G) C B(L^(G)) the reduced group C*-algebra generated by Rg 
and V € B(L^(G x G)) the Kac-Takesaki operator: Vf{g,g') = f{gg',g') for any 
/ e L^{G X G). By Ac e Mor(Coo(G); Coo(G) (g) Coo(G)) we wih denote the 
comultiplication on Coo(G). It is known that the Kac-Takesaki operator V is an 
element of M(C*(G) (8) Coo(G)) which implements comultiplication: 

AG{f) = V{f^l)V* 

for any / e Coo(G). Let F C G be an abehan subgroup of G, F its dual group 
and Ap G Mor(Coo(f ); Coo(f ) (g) Coc.(f)) the comultiplication on Coo(f). Let 
TT^ £ Mor( C*(F); C*(G)) be a morphism induced by the following representation 
of the group F: 

F 9 i?^ e M(C*(G)). 

Identifying C*(r) with Coo(f) we get tt^ e Mor( Coo(f ); C;(G)) . 

Let us fix a 2-cocycle 4* on the group F. Our objective is to show that an action 
of F^ on the C*-algebra Coo(G) given by the left and right shifts and a 2-cocycle 
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on f'^ determined by give rise to a quantum group. We shall describe this 
construction step by step. 

Let be the action of F on Coo(G) given by right shifts: p^{f){g) = f{gj) 
for any / G Coo(G). Let be the crossed product C*- algebra Coo(G) Xp/?. F 
and {B^, X,p) the standard F-product structure on it. The standard embeddings 
of Coo(G) and Coo(r) into M(B^) enable us to treat (tt^ (g) id)* and V*{1 ® f)V 
(where / G G^iT)) as elements of M(C;(G) «) B^). One can show that V*{1 (g) 
Xj)V = (g) for all 7 G F, which implies that 

F*(l®/)l^=(^^®id)Ar(/) (27) 

for any / G Coo(r). Using 5* we deform the standard F-product structure on B^ 
to (i?«,A,p*). 

Proposition 4.1. Let {B^, A, p*) be the deformed T-product and V{tt^ (S) id)^' G 
M{C*{G) (E) B^) the unitary element considered above. Then V{tt^ (g) id)?* is 
invariant with respect to the action id g) . 

Proof. The 2-cocycle equation for vj/ implies that: 

(idg)/5|)* = {id(Ep^)^ 

- {I(g)U.y)*Ap{U.y)^. 

The second leg of V is invariant with respect to the action p hence 

(id g) p^)V = (/ g) U*){{id g) p^)F)(/ g) U^) 

= (/g)[/|)V^(/g)C/^) = V^(7r^g)id)Ap(J7^)*(/(gC/^). 

The last equality follows from ([?7|) . Finally 

(id(gp?')[T/(7r^®id)*] 

= F(7r^ g) id)Ap([/^)*(/ ® J7^)(/ ® U^)*{t:"' ® id)Ap([/^)(7r^ g) id)^' 

= F(7r'^g)id)* 

where in the last equality we used the fact that Uj is unitary. □ 

Let p^ be the action of F on Coo(G) given by left shifts: p^{f){g) — f{'y~^g) 
for any / G Coo(G). Let B^ be the crossed product C*- algebra Coo(G) Xpi F and 
let (i?^, A, p) be the standard F-product structure on it. For any 71, 72 G F we set 

**(7i,72) = *(7ij -71 - 72)- 

This defines a function ** G Cb(r'^). The standard embeddings of Coo(G) and 
Coc(r) mto M{B^) enable us to treat (tt^ (g id)«'*F and F(l g) f)V* (where / G 
Coc(r)) as elements of M(C*(G)(gB^). One can show that V"(lg)A^)T/* = i?^(gA^ 
for all 7 G F, which implies that 

F(l(g/)y* = (7r^(gid)Ap(/) (28) 
for any / G Coo(r). Let \I' denote a 2-cocycle defined by the formula: 

*(7i)72) = 'I'(-7i:-72) 
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for any 71,72 G f. Using 5* we deform the standard F-product structure on 

to (i?^A,p*). 

Proposition 4.2. Let {^B^ , A, /5*^ be the deformed T-product and (■n^®'vl)'^*V e 
M(C*(G') (g) B^) the unitary element considered above. Then {n^ id)\E'*y G 
M{C*{G) (8) -B"^) is invariant with respect to the action id p*. 

Proof. One can clieck tliat 

**(7i,72 +7) = ^'(71, -71 - 72 - 7) = ^(72, 7)^(71 +72,7)**(7i,72)- 
Hence 

(id ^ pf)-^* = (/ U^)A^{U^)*^\ 

Moreover 

(id (g> p^)V = {I(g) U^)*V{I (g> U^) = {I® t/^)*(7r^- ® id)Ap([/^)l^. 
Following the proof of Proposition 14.11 we get our assertion. □ 

Let p denote the action of F^ on Coo(G) given by the left and right shifts, 
B the crossed product C*-algebra Coo(G) Xp F^ and {B,X,p) the standard F^- 
product. The standard embedding of Coo(G) into M{B) applied to the second 
leg of y e M{C*{G) (8 CooiG)) embeds V into M{C*{G) (S) B). We have two 
embeddings and A^ of Coo(r) into M{B) corresponding to the left and the 
right action of F. Moreover by equations ([27]) and (|28l) we have: 

F(l®A^(/))T/*-(7r^®AL)Af(/) 

V*{1 ® A^(/))T/ = {t:"' ® A«)Af (/) ^^^^ 

for any / € Coo(r). Note also that: 

(id(g) A^,,^jF(id(8) A;^^^J = {R^^,(E)I)V{R^,(E}I). (30) 

Let us introduce elements and 

= (^^® A^)(**), = {tt^ (g, X^){^) e M{C;{G)(8)B). (31) 

Multiplying V and '^^ we get the unitary element: 

1/*==^-^F5'«gM(C;(G)(8)B). (32) 

Using the 2-cocycle ^E* (g) 4' on f ^ we deform the standard F^-product structure on 
B to (B,A,p*«*). 

Proposition 4.3. Let (i?, A,/5*®*) be the deformed -product structure and 
G M(C*(G') (g) B) the unitary element given by ([5^ . T/ien 1/* is invariant 
with respect to the action id® p*®*. Moreover, for any 71,72 G F we have 

(id ® A^, ) V* (id A;^ ) = (R_^, I) V* (R^, ® I) . (33) 
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Proof. Invariaiice of 1^* with respect to the action id (g) p*®* follows easily from 
Propositions 14.11 and 14.21 The group F is abelian, hence 

(id® A^,,^ji^*(id® a;^^^j = (id® A^,,^,)*^Fvi/«(id® a;^,^j 

= *^(id® A^,,^,)F(id® a;^^^j*^. 

Using (|30|) we get 

(id® A^,^^Jt/*(id® A;^^^J = ^-^(^-71 ^ I)V{R^, ® /)*^' 

= (i?_^, ®/)V^*(i?^, ®/). 
This proves dM]). □ 



The first leg of belongs to C*{G) so it acts on L?{G). It is well-known that 
slices of Kac-Takesaki operator V by normal functionals oj € B(L^(G))* give a 
dense subspace of Coo(G) (see [T], Section 2). We wiU show that shces of give 
a dense subspace of Coo(G)*®*. 

Theorem 4.4. Let (i?, A, p**^*) 6e the deformed -product structure and € 
M(C*(G) ® -B) the unitary operator given by ([32]). Then 

V = {(w®id)V^* : Lo e B(i2(G')) J 
is a norm dense subset o/ Ccx)(G)*®*. 

Proof. We need to check that for any uj G B(L^(G))^ the element (w ® id)^* € 

M{B) satisfies Landstad conditions for F^-product (BjAjp**^*). The first Land- 
stad condition is equivalent to the invariance of the second leg of V"^ with respect 
to the action p*®* fProposition 14.3^ . Using (p3| we get 

A^,,^, [(w ® id)V*]A;^_^^ = (R^, • UJ ■ R_^, ® id)V* (34) 

for any 71,72 € F. The norm continuity of the map 

3 (71, 72) ^ i?72 • ^ • ^-71 e B(i2(G)), 

implies that (u) ® id)V* satisfies the second Landstad condition. To check the 
third Landstad condition we need to show that 

/i[(w®id)F*]/2 e B (35) 

for any /i, /2 G Coo(r x F). Let us consider the set 

W = {/i[(c^® id)F*]/2 : /i,/2 G Coo(f xr),we B(l2(G)) (36) 

We will prove that W = i? which is a stronger property than ([35l) . Taking for 
w e B(L2(G))^ elements of the form 7r^(/i3) • p • 7r^(/i4), for fi e Coo(f x f) 

elements A^(/ii)A^(/i2) where /ii,/i2 G Coo(r) and similarly for /2 we do not 
change the closed linear span. Thus we have: 

W = {A^(/ii)A^(/i2)[((^^(/i3) • ^i ■ ir'^ih^)) ® id)(l^*)]A^(/i5)A^(/^6) : 
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Note that 

A^(/ii)A^(/j2)[((7r«(/i3) • ^i ■ Tr'^ihi)) ® id)(y*)]A^(/j5)A^(/i6) 

= X"ihi)[{^i ® id)(^« ® A^)(**(/i4 ® /i2))T^(7r^ ^ A^)(*(/i3 /i5))]A^(/i6) 
hence W coincides with the foUowing set: 

{X"ihi)[ifi id)(7r^ A^)(**(/i4 /i2))'^(7r« A«)(*(/i3 ® /i5))]A^(/i6) : 

/ii, /i2, . ■ . >6 e Coo(f ), M e b(l2(g)) 

Using the fact that ^' and ^* are unitary we get 

W = {X'^{hi)[{fi (g) id)(7r^- (g) A-^)(/i4 ® /i2)V'(7r^- ® A^)(/i3 h5)]X^{he) : 

huh2...,hee Coo(f ), M e B(l2(G)) J^''' 
= {A«(//,i)A^(//,2)[((^^(/i3) • M • 'r«(/i4)) ® id)(V)]A«(/i5)A^(//,6) : 

/ii , /i2 . . . , /i6 e Coo (f ) , M e B (G)) ^ l^^'' 

Now again 

{A^(/ii)A^(/i2)[((^^(/i3) • • 7r«(/i4)) ® id)(\/)]A^(/i5)A^(/i6) : 

/ii, /i2 . . . , /i6 e Coo(f ),/^ e B(L2(G)) J^i'^ 
= {h[{Lo ® id)y]/2 : /i, /2 G Coo(f X f),c. e B(L2(G)) 

hence we get 

W = {h[{aj <E> id)V]h : /i, /2 e Coo(f X f e B(l2(G)) J^^^ 

The set {{uj(S)id)V : u e B(L2(G))^} is dense in Coo(G) which shows that W = B 
and proves formula ([36]). 

We see that the elements of the set V satisfy the Landstad conditions. To prove 
that V is dense in Coo(G)*®* we use LemmaHH According to ([Ml), V is a p*^*- 
invariant subspace of Coo(G)*®*. Moreover we have that (C*(r2)V C*(r2))'='" = 
W — B. Hence the assumptions of Lemma l2.6l are satisfied and we get the required 
density. □ 

Remark 4.5. The representation of Coo(G) on L'^{G) is covariant. The action 
of is implemented by the left and right shifts: L^^^R^^ € B(L^(G)), where by 
Lg E B(L^(G)) we understand the unitarized left shift. More precisely, let S : G 
M+ be the modular function for the right Haar measure. Then Lg € B(L^(G)) is 
a unitary given by: 

for any g,g' G G and / S L^{G). This covariant representation of Coo(G) induces 
the representation of crossed product B = Coo(G) xipF^, which we denote by tt'^'^". 

Clearly it is faithful on Coo(G), hence by Theorem l3.6l it is faithful on Coc(G)*®*. 
Let us introduce the unitary operator: 

W = {id® 7r'=^")V"* e B(i2(G) (g) l2(G)) . (37) 
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Theorem 4.6. The unitary operator W £ B(^L^{G) (E) L^{G)^ considered above 
satisfies the pentagonal equation: 

Remark 4.7. A similar construction of the operator W and the proof that it 
satisfies the pentagonal equation was given by Enock-Vainerman in [3] and inde- 
pendently by Landstad in ^ . We included the following proof for the completeness 
of the exposition. 

Proof. Let us introduce two unitary operators X,Y £ 'B{L^{G) (E) L'^{G)): 

X = (id® 7r"''")(*^) , r = (id(g)7r'=''")(*^) (38) 

where ^f^, e M(C*(G) (g) B) are elements defined by ([H]). Note that 

X e M{C;{G) ® C;{G)), Y e M(C;(G) (g) CHG)), (39) 

hence W = YVX e M(C*(G) (g) JC) where K. is the algebra of compact operators 
acting on L'^{G). Inserting 73 — > (—71 — 72 — 73) into the 2-cocycle condition 

*(7i,72 + 73)^'(72,73) = ^'(71 + 72,73)*(7i,72) (40) 
and taking the complex conjugate we get 

*(7i, -71 - 73)^(72, -71 - 73 - 72) = *(7i! 72)^(71 + 72, -71 - 72 - 73)- 
This implies that 

^(71; 72)** (71 +72,73) = '5^(71, 73)** (72, 71 +73) (41) 

where ^'*(7i,72) = ^'(71, -71 - 72)- Using equations ^E^i, (j40l), (gl]) and the fact 
that V implements the coproduct we obtain; 

^12^1*2^23^12 = ^13^13^23^13 
V"i2-'^23^12-''^12 = V"2*3v'Ci3y23-'^23- 

Now we can check the pentagonal equation: 

M^l*2VK23W^12 = ^1*2^2^*2^^23^12^42^12 
— Xj*2V']*2l23^23-'^23^12-'^12 

= (^1*2 V^l*2>^23"t42)(V^l*2^23^42)(n*2^23 1^2^12) 
= (^13^13^^23 ^1*3) (^13 ^23) ("1^2*3^13^23^23) 

= ^13^13^23-'^13V23-'^23 ~ (yi3^13-'^13)(^23V23-'^23) — W^13W^23- 

In the second equality we used the fact that the second leg of element Y commutes 
with the first leg of W (see □ 

Our next aim is to show that W is manageable. For all 7 € F we set 11(7) = 
^-(-7,7). It defines a function u e Chit). Applying n"' G Mor(Coo(r); C;(G)) to 
u e M(Coo(r)) we get the unitary operator: 

J = TT^^iu) e M(C;(G)) c B{L\G)) . (42) 
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Theorem 4.8. Let W G B(L^(G') (E) L'^{G)') he the multiplicative unitary and 
J G B(i^(G)) he the unitary operator (|42p . Then W is manageahle. Operators Q 
andW entering the Definition 1.2 of 19| equal respectively 1 and {J®1)W*{J*®1). 

Remark 4.9. The presented proof seems to be simpler than the Landstad's proof 
given in [9 . In what follows we shall use the bracket notation for the scalar 
product: let iJ be a Hilbert space, x,y G H, and T E B(i/). Then (x|r|y) denotes 
the scalar product (x\Ty). 

Proof. Let x,y,z,t G L'^{G), 71,72,73,74 S F. The Kac-Takesaki operator is 
manageable, therefore 

(x (g) (g) L^jy|(i?^3 (g) R-yi)\z (g) y) 

= {R.-^^x ® L^^.^t\V\R^^z ® R^^y) 



= {R^^z® L^^^t\V*\R-.y^x® R^^y) 

= (z g) t|(i?_^3 g) L^jy*(i?_^i g) i?^J|xg) y). 

Using well known equalities 

V* {I ® Rg)V ^ Rg ® Rg 
V{l(S>Lg)V* ^Rg®Lg 

and commutativity of T we get the following formula: 

(zg)i|(i?_^3 (gL^jy*(i?_^, g)i?^J|x(g2;) 

= (z(gi|(i?_^3+^, g)i?^jV^*(i?_^,+^, (gL^J|x(gy). ^ ' 

Hence: 

(x g) g) L-y2)F(i?T,3 g) i?74)|z g) y) 

= (zg)t|(i?_^3+^^g)i?^jF*(i?_T,i+^, g)L^J|xg)7;). ^ ' 

Using continuity arguments, this equality will be extended. We will repeatedly use 
the identifications C*(r^) = Coo(r^) = Coo(r) g) Coo(r) etc. Let be a unitary 
generator of C*(r). Let us define the following morphisms: 

$f G Mor(C*(r) g) C*(r); Gl{G) g) C*(G)) : ^i{u^, = R-y, ® R^^, 

$[ G Mor(C*(r) (g C*(r); C;(G) g) C;(G)) : <^i{u^, M7J = i?7i «) 

and automorphism Q G Aut(Coo(r^)) given by the formula: 

0(/)(7i,72) = /(-7i,7i +72) 

for any / G Coo(r^). One can check that 

6(^71 g) M72) = ""-71+72 ® "72- 

Using the above morphisms we reformulate (fS]): 

{x g) g) u-^jV^^{u^^ g) M^J|z g) y) 

= (z g) t|$f O e(M-y3 g) O 6(1*^,1 g) g) y). 

By linearity and continuity we get 

{x(g>t\^Uf)V'i>?'{9)\z(g>y) 

= (zg)i|$f 06(5)1/*$^ oe(/)|xg)2/) 
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for any f,g e M(Coo(r) (g) Coo(r)). In particular 
{x (g) (**)F-I>f («')|z y) 

It is easy to see that X $f (*), Y = $f'(^'*) and e('I') = *(m » /) where X 
and F are given by (1551) . Therefore 

$f oe(«') = $f(*(w (J (45) 

Similarly we prove that 

$f oe(**) = r*(J*®/) (46) 

and finally we get 

(x (K) i|$f(^'*)V^$f («')|z ® y) 

= {z(g>t\{J(g)I)X*V*Y*{J*(g)I)\x(g>y). 

This shows that 

W = {{J (E) I)YVX{J* (g, I))* ^ {J (E) I)W*{J* (g) I) and Q = 1. 

□ 

Proposition 4.10. Let W G B(L2(G)(g)L2(G')) and J e B(L2(G)) 6e the unitaries 
defined in (|37p and (|42|) respectively. Let x,y be vectors in L'^{G) and uJx.y € 
B(L^(G))* a functional given by LUx,y{T) — {x\T\y) for any T G B(L^(G)). Then 
we have 

[{tu^.y ® iA)W]* = (wj.s.j.y ® iA){W). (47) 

Proof. Using manageability of W we get: 

{w^x^y (g) id)W = (a;y,2 «) id)(iy) = (wj,,2 id)(( J (g) l)W*{J* ® 1)) 
= (Wj*y,j*2 ® i<l){W*) = [(wj.j.j.y (g id)(I^)]*. 

□ 

Let A be a C*-algebra obtained by slicing the first leg of a manageable multi- 
plicative unitary W £ B[L'^{G) ® L\G)): 

.4= {(cj(gid)W:weB(L2(G))*}"'". 

Theorem 1.5 of |19j shows that A carry the structure of a quantum group. The 
comultiplication on A is given by the formula: 

A3av-> W{a g) I)W* G M(A ® A). 

At the same time, using the morphism tt"^™ g Rep(i3; ^^(G)) introduced in Re- 
mark [45] we_^ can faithfully represent 000(0)*®* on L^{G). By Theorem [Ml 
7r'^'*"(Coo(G)*®*) = A, hence we can transport the structure of a quantum group 
from A to 000(0)**^*. Our next objective is to present a useful formula for co- 
multiplication on Coo(G)*®* which does not use multiplicative unitary W . The 
construction is done in two steps. 
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• Let p be the action of on Coo(G) given by left and right shifts along 
the subgroup F C G. The comultiplication is covariant: 

^g(p7i,72(/)) = (P7l,0 P0,72)(^g(/)) 

for any / e Coo(G). Therefore, it induces a morphism of crossed products: 

AeMor(Coo(G) xF2;Coo(G) >iT'^®Coo{G) xF^). 

A restricted to Coo(G) C M(Coo(G) x F^) coincides with Ac and A re- 
stricted to Coo(f^) C M(Coo(G) X F^) is given by 

A(/i) = (A^ (g) \")h e M(Coo(G) X F^ Coo(G) x F^) 

where X^,X^ e Mor(Coo(r), Coc(G) x F^) are morphisnis introduced after 
the proof of Proposition 14.21 and h G Coo(r^). 

• Let 5' be a 2-cocycle on f. Recah that G M(Coo(f 2)) is defined by 

**(7i,72) = ^'(71, -71 - 72)- 
Let us introduce the unitary element T e M(Coo(G) x F^ (8)Coo(G) x F^): 

T = {X^(g)X^)^* 

and a morphism A* e Mor(Coo(G) x F^; Coo(G) x F^ (gCoo(G) x F^) given 
by the formula 

A*(a) = TA(a)T* (48) 
for any a G Coo(G) x F^. 

Theorem 4.11. Let A* € Mor(Coo(G) x F^; Coo(G) x F^ ® Coo(G) x F^) be the 
morphism defined by formula (j48[) . For all a G CoolG)**** we have 

A*(a) € M(Coo(G)*^* ^ Coo(G)*®*) 

and 

^*lc^(G)5«* €Mor(Coo(G)*«*;Coo(G)*®*®Coo(G)*®*). 
Moreover A*!^-, ^Qyig,^ coincides with the comultiplication implemented by W : 

Coo(G)*®* 3a^W{a<» l)W* € M(Coo(G)*®* ® Coo(G)*®*). 
Proof. By Theorem 1.5 of [TH] it is enough to show that 

(id®A*)F* = T/*Vi*. 
From the definition of A it follows that 

(id(gA)y* = (id(g) A)((7r^ ® A-^)(**)y(7r«(8) A^)(*)) 
= ((tt^ A^)**F) ^2 (F(7r^ A^)*) ^3. 

Hence 

(id ® A*)V^* = (1 ® T)((^« ® A^)*V)^2(^((^'^' ^'^■)*)i3)(l ^*)- 
By equation ([29]) we get 

(1 ® T)Fi2 = V^i2((7r^ <^ A« A^) o (Ap ® id)(**)) 
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and 

^13 (1 (g) T) = ((tt^ ® «) A^) o (ct (g) id) o (id «) Ap) F13 
where is the flip operator. Therefore 

(id ® A*)l/* = ((tt^- ® A^)**F) ^2 ((^^ ® A^ ® A^) o (Aj, (g id) ' 



V^- ® \^ ® o{a® id) o (id ® Ap) (**)*) (y(7r^' «) A-")*) 



' 13" 



We compute 



*(7i + 72, -71 - 72 - 73)*(72, -71 - 72 - 73) 



= ^'(71: 72)* (71, -71 -73)^(72, -71 -72 -73)*(72,-7i -72 -73) 

= *(7i,72)^'(7i, -71 - 73)- 

The above equahty imphes that 

(tt^ ®\^®\^)o (Ap (g) id)(^'*) 

X (tt^® A^ (g A^) o (CTg)id) o (idg) Ap)(**)* 

= ((^« ® A^)*) ^2 ((vr^ (g A^)^'*) ^3. 

Hence 

(id (g A*) V^* = ((^^ ® A^)**F(7r^ (g A^)*) ^2 ((tt^ ® A^)**V^(^^ (g A^)* 



13 



— ''12 ''13 ■ 



This ends the proof. □ 

4.2. Dual quantum group. Let G be a locally compact group, F an abelian 
subgroup of G and ^I* a 2-cocycle on F. Using the results of previous sections we 
can construct the quantum group (Coo(G)*®*, A*) and the multiplicative unitary 
W G B(L^(G)(gi^(G)) . In this section we will investigate the dual quantum group 
in the sense of duality given by W . Our objective is to show that this is the twist, 
in the sense of M. Enock and L. Vainerman (see [1]), of the canonical quantum 
group structure on the reduced group C*-algebra C*(G). 

Theorem 4.12. Let W G B(L^(G) (g L^{G)^ be a manageable multiplicative uni- 
tary p7p and {A,A^) a quantum group obtained by slicing the second leg of W : 

A = {(iA®uj){W*) : we 8(2.2(0) }"■". 

Then 

1. i = C;(G). 

2. The comultiplication on A is given by 

A3 A^(a) = I]X*I]A(a)EXE e M(i ® A) 

where A is the canonical comultiplication on C*(G) and X is given by 
dSi). 
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3. The coinverse on A is given by 

k^{a) = Jk{a)J* 

where k is the canonical coinverse on C*{G) and J is given by (j42p . 

The proof was communicated to the author by S.L. Woronowicz. 

Proof. Using equation ([55]) we get 

Rj, [(id (g) uj)W]Ry, = (id (g) R^^^L^^ ■ uj ■ L^^^R^^)W (49) 

for any 71,72 G F. Therefore R^ E B(i^(G)) is a muhipher of A and representa- 
tion: 

r 9 7 i?^ e M(i) 

is strictly continuous. This representation induces a morphism which we denote 
by X G Mor(Coo(f ), A). Applying it to 5' and ** we obtain 

A = (x <8) x)(*) G M(i (g) A) 
Y = {x(E) 7r^)(**) G M(i (g /C). 
Reeah that W eM{A(g} A), hence 

F = G M(ig)/C) (50) 

which immediately implies that ^1*2^^23, ^^12^2*3 G M{A(g>JC(g> Coo(G)). The pen- 
tagonal equation for V together with ((50|) gives 

Vi3 = V*^V2zVi2V;^ G M(i (g /C ® Coo(G)) , 

therefore 

y GM(i(gCoo(G)). (51) 

Similarly we prove that 

W &M{Cl{G)® A). (52) 

Formula (1511) and point 6 of Theorem 1.6 of [19) imply that the natural rep- 
resentation of C*(G) on i^(G) is in fact an element of Mor(C*(G), A) . Simi- 
larly, (|52|) implies that the natural representation of A on (G) is an element of 
Mor(A, C*(G)) . The general properties of morphisms gives 

cl{G)A = A 
Agi{g) = Cl{G). 

But C*(G) and A are closed under the star operation, hence A — A* — A C*(G) = 
C*(G), which proves point 1 of our theorem. To prove point 2 we recall that the 
comultiplication on A is implemented by hence 

A^(a) ^ T.X*V*Y* {I ® a)YV XT, 
= T.X*V* {I ® a)V XT. 
= {TX*T)K{a){TXT). 
Point three follows from Proposition 14. 101 □ 
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4.3. Haar measure. Let G be a locally compact group, F an abelian subgroup of 
G and ^ a 2-cocycle on F. Throughout this section we shall assume that the modu- 
lar function 5 on G restricted to F is identically equal to 1. Let (Coo(G)*®*, A*) 
be the quantum group that we considered previously. In what follows we will 
identify Coo(G)*®* with its image in B{L^{G)). 

Definition 4.13. Let / e Coo(G) and Rg G B(i^(G)) be the right regular repre- 
sentation of group G. We say that / is quantizable if there exists w G B(L^(G))^ 
such that f{g) — ^jj{Rg) for any g G G. Given a quantizable function / we intro- 
duce an operator Q(/) € Coo(G)*®* C B{L^{G)) given by: 

Q(/) = (L.®id)W^eCoo(G)*®*. 

Note that the equation f{g) — uj{Rg) does not determine uj € B(L^(G))*. 
Nevertheless, the operator Q(/) does not depend on the choice of the functional 
that gives rise to /. It is easy to see that the vector space of quantizable functions 
equipped with the pointwise multiplication forms an algebra which in the literature 
is called the Fourier Algebra. We use the term quantizable function to stress that 
with such an / we can associate the operator Q{f) — (ui (E) id)W G B(L^(G)). 

Theorem 4.14. Let (Coo(G)*®*, A*) be the quantum group with multiplicative 
unitary W € B(i^(G)®L^(G)) considered above. Let f^h € Coo(G) be quantizable 
functions given by functionals uj G B(i^(G))^ and ^ G B(L'^(G))» respectively. 
They yield operators Q{f),Q{h) G B{L'^{G)). Assume that h e i^(G). Then 
Q{f)h g L'^{G) is a quantizable function and 

Q{Q{f)h) = Q{f)Q{h). (53) 

Proof Note that 

Q{f)Q{h) ^{iu® id)(W)(Ai ® id)W 

= (w® ^(g)id)(Wi3W23) 

= (W ® ® id)(Wi2W23Wi2). 

The above calculation shows that Q{f)Q{h) is given by the quantization of the 
function k € Coo(G): 

k{g) {W* {L(E)Rg)W). 

Using the identity W*{L (g> Rg)W = X*{Rg (g) Rg)X we get 

k{g) = {uj(E)fi){X*{Rg(g}Rg)X). 
Therefore, to prove formula (j53p we need to show that 

{lu (g> fi){X*{Rg (g, Rg)X) = [Q{f)h]{g). (54) 
In order to do that we compute 
(cj(g)id)((i?^, (g)i^,)F(i?^3 ® i?^J)/t(5) = L^J{-fi--f3)R^,h{9) 

= ^'(72)/((7i - 72)573)ft-((-72)574)- 
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Using the assumption that (5(7) = 1 for any 7 € F we get 

{uj ® id)((i?^, ® L^,)V{Ry, (8 Rj,))h{g) = /((71 - 72)^?73)^((-72)^?74)■ 
The equahty h{g) ~ fJ-{Rg) imphes that 

((w (8 id)((i?^, ® i72)"l^(^73 ® ^74 ))'^) (5) (55) 

= (W(g)/i)((i?^,_^2 «) i?-72)(^3 «> ^g)(^73 <8)i?74)). 

Let I? e Aut(Coc(r X r)) be the automorphism given by 

^(/)(7i,72) - /(7i,-7i - 72) for all / G Coo(f x f). 
By continuity, ()55p extends to 

for any /i, /2 e Cfc(f » f ). Taking A = and /a = * we obtain = f and 

[{u (g) id)(YVX)]h(g) ^{Lu(g) M)(X*(Rg (g) Rg)X) 
where X and Y were introduced in Recall that = FV^X, hence 

Q(/)/i(5) = (t.. ® ® - fc(.9). 

This proves formula (j54p and ends the proof of our theorem. □ 



Let / e Coo(G) be a quantizable function i.e. f{g) — uj{Rg) for some lj G 
B{L^{G))^. Suppose that Q(/) = 0. This means that (w (g) id)l^ = which 
together with Theorem 14. 121 shows that Ld{Rg) = for all g G G. Hence f{g) = 
for any g € G, which shows that the quantization map Q is injective and its inverse 
is well defined. We shall show that the closure of this inverse is the GNS map for 
a Haar measure of (Coo(G)*®*, A*). Let us introduce % C Coo(G)*®*: 

ma = { Q{.f) : / - quantizable and / G ^^(G)} . 

For all Q(/) G 9to we set 7]o{Q{f)) = /• This defines a map tjq : "Xlo ^ L^{G)- 

Proposition 4.15. Let rjo be the map defined above. Then this is a densely 
defined, closable map from Coo(G)*®* to L^{G). 

Proof. Let be a 2-cocycle obtained from ^ by a flip of variables: (71, 72) = 
^(72,71)- Let Qp be the quantization map related to ^E*^ . Using the equality 

{uj®^i){X*{Rg®Rg)X) = {ti®u){Y.X*Y.{Rg®Rg)i:XY) 

and Theorem 14. 141 we see that for quantizable, square integrable functions h, h' G 
L'^{G) we have 

Q{h)h' = Q^{h')h. (56) 
Let us assume that hm Q{fn) = and lim rio{Q{fn)) = f ■ Using equation ([55]) 
we see that: 

Q^(/i)/- lim Q^(/i)/„= lim Q(/„)/i = (57) 
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for all quantizable functions h G L'^{G). To conclude that / is we have to show 
that the set of operators 

{Q^{h) : h is quantizable and h E ^^(G)} C B{L'^{G)) 

separates elements of L'^{G). In order to do that we introduce a multiplicative 
unitary VF^ related to the 2-cocycle The C*-algebra obtained by the slices 
of the first leg of W'^ will be denoted by A* . By point 1 of Theorem 1.5 of [19], 
A^^ separates elements of L'^{G), hence it is enough to note that: 

A*" = {{iu <g> id)W^^ : w e B{L\G))Y'' 

= {i'-^x,y ® id)W^ : X, y are of compact support } 
C {Q^ih) : h is quantizable and h e L^{G)y^\ 

The last inclusion follows from the fact that, when x and y are of compact support, 
then the function / defined by f{g) = ujx,y{Rg) is also of compact support. □ 

The closure of the map rjo will be denoted by rj and its domain will be denoted 

by Da. 

Proposition 4.16. Let ry : CTl M- L'^{G) be the map introduced above. Then ^ is 
a left ideal m Coo(G)*®* and r]{ab) = ar){b) for all a G Coo(G)*®* and 6 G 91. 

Proof. Let b E and a £ Coo(G)*®*. Let us fix a sequence of quantizable 
functions fn such that a = lim Q{fn)- Map r] is the closure of rjo, therefore there 

n— 7-00 

exists a sequence hm G Coo(G) of quantizable functions such that: 
lim Q{hm)^b and lim ri{Q{h„i)) = r]{b) . 

Using TheoremEHwe get Q(/„)7?(Q(/i„0) = ri{Q{fn)Q{hm)) and 

aTi{Q{hm)) = lim Q{fn)v{Q{K^)) = fim v{Q{f^)Q{h^)). 

n— )-oo n— )-oo 

The closedness of the map r] implies that 

aQ{h„i) e ^ and r]{aQ{h,n)) = ar]{Q{h,n))- 

Taking limits with respect to m and using the closedness of r/ once again we 
conclude that a6 e *Jt and ri{ab) = ari{b). □ 

The above proposition shows that the map 77 : *n M- L'^{G) is a GNS map. To 
show that 77 corresponds to the Haar measure of (Coo(G)*®*, A*) we shall need 
the following 

Proposition 4.17. Let ry : 91 1->- L^{G) be the map introduced above. For a G 91 
and tf G (Coo(G)*®*)* let us consider their convolution (p * a = (id (E) (p)A{a) e 
Coo(G)*®*. Then ip * a is an element 0/ 91 and 

1] {if * a) ^ [{id (8) (p)W]t] {a). (58) 
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Proof. Recall that with any normal functional uj G B(L^(G))^ we can associate 
a function f^j G Coo(G) where fuig) = ^{Rg)- Assume that a = Q{fuj) for some 
fu G L'^{G). In particular a € and r]{a) = f^j- We compute 

(p*a= {id® (f){W* {a® l)W) 

= {k\®ip)\w*{{uj®id)(W)®l)W) 

= (w (g) id ^ ip){Wi^Wi2W2z) (59) 

^ [b -bj® i(i)W 

where h = {id® (f)W E M(C*(G)). Therefore to prove that * a is an element of 
m it is enough to show that G L'^iG) for aU € M(C*(G)). First we check it 
for h = Rg. Note that 

h.^{g') = b ■ u:{Rg) = u:{R'gRg) = u{Rg.g) 

= Ua'a) = {RgfM = (bUW) 

for any g,g' g G, therefore fb.cj = bfi^. By linearity this equality is satisfied for 
any b G span{i?g : g G G}. We extend it using a continuity argument. There exists 
a net of operators bi S lin-span{i?g : g G G} strongly convergent to 6 S M(C*(G)). 
Functional uj is strongly continuous hence lim hi ■ w — b ■ w in the norm sense. 

i 

Therefore limfh..^ = ft-uj where lim is taken in the uniform sense. At the same 

i i 

time iimbifi^ =^ bf^^ in the — norm, hence 

i 

fb-u{g) = lim/fc,.^(g) = limfei^(.g) = bf^{g) 

for almost all g G G. This shows that fb-^j G L^iG) and 

h-u^^bU (60) 

for any b G M(C*(G)). Using ([SO]) and (|60| we get the following sequence of 
equalities: 

6r/(a) = [(id ® ip)MV]r]ia) 
which proves ([55)1 for a — Q{fuj)- But the set 

{a={uj®id)W : U e L^G)} 
is a core for rj, hence equation (l58t is satisfied for any a g □ 

Remark 4.18. Let 7r^,7r^ G Rep(C*(r), L^(G)) be representations that send 
generators Uj G M(C*(r)) to R-y and G B{L^{G)) respectively. Let f,f G 
M(C*(r)) and u G B{L^{G))^ be such that G L^{G). Then using a method 
similar to the one used in the proof of Proposition 14. 1 7l we can show that 

- 7r\f)7:^{K{f)){U) (61) 

where k is the coinverse on C*(r). 

With GNS-map r]:m^L^{G) we can associate a weight /i* : Coo(G)*®* ^ 
R+ : /i*(a*a) = (ry(a)|?7(a)). 
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Proposition 4.19. Let he the weight on CoolG)**^* introduced above. Then 
it is a faithful trace. In particular it is strictly faithful. 



Proof. Let u £ M(C*(r)) be the unitary element which appears in formula (|42]) . 
From the above remark and Proposition 14. 101 it follows that 

® id)W^)*) = ?7((^^(u) • ujs,y ■ ir'^iu) ® id)W) 
= TT'^{u)7r^{K{u))rj{{uJs,y (g) id)W) 
= TT^{u)7r^{K{u))r]iiu^^y (g) id)W). 

The set 

{a = {uj(E)id)W : f^ E L^{G)} 
is a core for rj, hence we have 

r,(a*) =7r«(u)7r^(K(u))^ 
for any a G 9^. Now we can prove the trace property: 

/i*(a*a) = {7j{a)\r]{a)) = {7j{a)\7j{a)) 

= (7r^(«:(u))V^(u)*77(a*)|7r^(«:(u))V^(w)*77(a*)) 
= {v{a*)\r]{a*)) = /i*(aa*). 

Let us prove the faithfulness of /i*. Assume that /i*(a*a) = 0. Then 

h'^{a*c*ca)=0 = h'^{caa*c*) 

hence r]{a*c*) = a*r]{c*) = 0. The set of elements of the form ri{c*) is dense in 
L'^{G), hence a = 0. The notion of strict faithfulness was introduced in [TT]. It 
can be shown that a faithful trace is automatically strictly faithful. This ends our 
proof. □ 

Using Propositions 14.171 and 14.191 one can check that the assumptions of Theo- 
rem 3.9 of [TTI are satisfied. Hence we get 

Theorem 4.20. Let (Coo(G)*®*, A*) be the quantum group with the multiplica- 
tive unitary W and the weight /i* considered above. Then /i* is a Haar measure 
for (Coo(G)*®*, A*) and W is the canonical multiplicative unitary. 

5. An example of quantization of 5i(2,C). 
In this section we use the Rieffel deformation to quantize the special linear 



group: 



5i(2,C) = <{(" ^) :a,^,7,5eC, a(5-^7 = l 



(In what follows 5i(2,C) will be denoted by G.) The resulting quantum group is 
the C*-algebraic version of one of the *-Hopf algebras introduced by S.L. Woronow- 
icz and S. Zakrzewski in paper [20]. As a *-algebra it is generated by four elements 
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ci, j3, 7, 5, satisfying the following commutation relations: 

a/3 = pa 
aS — 5a 
c5;7 = 7Q! 
/37 = 7/3 
j35 = 5j3 
7(5 ~ 

d(5 = 1 + /37 

dd* = a*a 

d/3* = t/3*d /3/3* = 

(57* = t~^j*a (3j* — J* f3 77* = 7*7 

aS* = S*a (35* = t~^*j3 7^* = U*^ 55* = (5*(5 

where t is a nonzero real parameter. The comultiplication, coinverse and counit 

act on them in the standard way: 



A(d) 


— ad 


^ a- 


h/3c 


g) 7 


^(ci) = 5 


e{a) 


= 1 


A(/3) 


= ad 


5/3- 




5 5 


kCP) = -/3 


s0) 


= 


A(7) 


= 7 


?)(3;H 




D7 


k(7) = -7 


e{l) 


= 


A((5) 


= 7 $ 


5/3H 


-(5€ 


55 


k((5) = (3; 


8(5) 


^ 1 



(63) 



The deformation procedure in our example is based on the abelian subgroup 
r C G of diagonal matrices: 

To simplify some calculations we pull back the action of on Coo {G) to the action 
of on Coo(G). The resulting action is denoted by p: 

{P^..J){9) = f (( e- ) ( '0 e-^- )) (64) 

Let us fix a 2-cocycle on the dual group. The additive group (C, +) is self dual, 
with the duality given by: 

9 (2:1,2:2) H> exp(ilm(2i22)) G T. 

Let s e R. For any 21 , 22 € C we set 

^1/(21, 22) = exp(islm(2i22)). 

It is clear, that G Cb(C'^) satisfies the 2-cocycle condition. Using results of 
Section |4] we deform the standard C^-product structure on Coo(G) Xp to 

^Coo(G) Xp C^,A,p*'^*y In our case ^I' is just the complex conjugate of ^I^ 
and the deformed action of the dual group is given by 

for any b e Coo(G) xip C^. The Landstad algebra A of the deformed C^-product 
carries the structure of a quantum group. Our aim is to show that this quantum 
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group is the C*-algebraic version of the Hopf ^-algebra described above. The 
relation between parameters s,t £R is t = exp(— 2s). 

5.1. C*-algebra structure. In this section we will construct four affiliated ele- 
ments a, f3,j, 6 7] A and show that they generate C*-algebra A. 

Let Tr.,Ti e C*(C2)'' C (Coo(G) xipC^Y be infinitesimal generators of the left 
and right shifts. By definition T/ and Tr are normal elements satisiying: 

A^i,z2 = exp(ilm(zir;)) exp(ilm(z2rr)) (65) 
for any zi, Z2 G C. Let a, /3, 7, 5 be coordinate functions on G: 

a,l3,j,6eC{G) = (Coo(G))"c (Coo(G) XpC^)". 
Consider also a unitary element: 

= exp(isIm(T;Tj)) e M{C*{C^)) C M(Coo(G) x^C^). (66) 
We use it to define four normal elements affiliated with Coo(G) xip C'^: 

j^U*jU s^usu*. ^ ' 

In the next lemma we present different formulas for d, /3, 7, S which will be needed 
later. 

Lemma 5.1. Let a, /3, 7, 5 € Coo (G)'' C ^Coo(G) x^C^^ be coordinate functions 
on G. Let Ti,Tr be infinitesimal generators defined by (|65p and let 

aJ,^,Se (Coo(G) XpC^y 

be normal elements (|67p . Then 

1. a and Ti + Tr strongly commute and a = exp(— s(Tj* + T*))a; 

2. /3 and Ti — Tr strongly commute and (3 = exp(s(r;* — T*))f3; , , 

3. 7 and Ti — Tr strongly commute and 7 = exp(s(r^* — Tj'))j; 

4. 5 and Ti + Tr strongly commute and S — exp{s{Ti* + T*))S. 

Proof. The fact that T; + Tr and a strongly commute follows from the identity 

exp(iIm(z(T/ + r^)))a exp(-ilm(z(r, + Tr))) = a. 
We check it below: 

exp(iIm(z(T/ + rr)))Q! exp(— ilm(z(r; + Tr))) — Xz.zCtXl ^ — exp(— 2; + z)a ~ a. 

To prove the equality a — exp(— s(Tj* + T*))q! note that 

a = exp(isIm(T*Tj))Q;exp(— isIm(T*r;)) , 
= exp(isIm((Tj + T,)*Tj))a exp(-isIm((Tj + T,)*Tj)), ^ ' 

where we used the fact that exp(isIm(Tj*Tj)) = 1. Using the strong commutativity 
of Ti + Tr and a and the following identity: 

exp(isIm(it;r;))Q; exp(— islm(wr;)) — exp{—sw)a, 
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we get a = exp(-s(T;* + T*))a. This ends the proof of point 1 of dM]). Using the 
same techniques we prove points 2,3,4. □ 

Our objective is to show that d, /3, 7, 5 are generators of C*-algebra A. In par- 
ticular we have to show that they are afhhated with A. The fohowing proposition 
is the first step toward the proof of this fact. 



Proposition 5.2. Let (^Coo(G) Xp C^, A,p*®*j he the deformed €?- product, A 

its Landstad algebra and a £ (Coo(G) Xp C^)'' the normal element defined in (j67|l . 
Then f{a) e M{A) for any f e Coo(C). 

Proof. Let us first prove the invariance of f{a) under the action p*®*. It is enough 
to check that a is invariant. In order to do that we calculate 

^zuz2(^Ki,z2 = P2i,22(a) = exp(-zi +Z2)a. (70) 

Furthermore 

We compute pf^^{U) and pf^^{a) separately: 

Pzi,Z2 ^ ■^-SZi,SZ2Pzi,Z2\'^)^-SZi,SZ2 

~ ^-SZi,SZ2(^^-SZl,SZ2 

— exp(szi + sz2)a 
pl!;ZiU) - /5r*(exp(isIm(T;r,))) 
= p,„,,(exp(isIm(T;r;))) 
= exp(islm((r; + Z2){Ti + z{))) 

= UXsZ2,-SZi^iZl,Z2). 

Using ((70)) we get 

Ptu^2(^) = exp(szi + sz2)UXsz2-sziaX*,^g^,.g^U* 

~ cxp(szi + SZ2) exp(— s^i — sz2)UaU* = a. 
Let us now check that the map 

3 {zi, Z2) ^ Xzuz2f{a)X:„z, € M(Coo(G) x C^) (71) 
is norm continuous. For this note that: 

K,Z2f{<i)K,,Z2 = UK,,.2f{^)K,,Z2U* 

= Uf{e-''^+'^a)U*. 

Function / is continuous and vanishes at infinity, hence we get norm continuity 
([TT]). This shows that /(d) satisfies the first and second Landstad condition of Q 
which is enough to be an element of M(A). □ 

To prove that a is affiliated to A we need one more 
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Proposition 5.3. The set 

Z = {/(a)A:/eCoo(C)} 

is linearly dense in A. 

Proof. Recall that p*®* is the action of on A implemented by unitary elements 
^zi,z2- It is easy to see that I is invariant under p*®*. Let g e Coo(C) be a 
function given by the formula g{z) = (1 + zz)~^. Then g{a) = [/(! + a*a)U* and 
we have: 

(C*(C2)5(d)AC*(C2))''' = (C*(C2)(l+a*a)-if/*AC*(C2))''' 

C (C*(C2)IC*(C2))''' 

where we used the equality C*iC^)U = C*iC^). Note that the set U*AC*{C'^) is 
linearly dense in Coo (G) x: pC^ . Using the fact that a is affiliated with Coo (G) x pC^ 
we see that the set C*{C^){l+a*a)-^U*A C*iC^) is linearly dense in Coo (G) XpC^. 
Hence by ([72]) the set C*(C2)IC*(C2) is linearly dense in Coo(G) Xp C^. Using 
Lemma I^TBl we get the linear density of I in A. □ 

Let us define the homomorphism of C*-algebras: 

Coo(C) 9 / ^ 7r(/) = /(a) e M(A). 

Theorem 5.4. Lei tt 6e t/ie homomorphism defined above, tt is a morphism of 
C* -algebras: tt £ Mor(Coo(C); A) . In particular a is the normal element affiliated 
with A. 

Proof. By Proposition 15.31 we have 7r(Coo(C))A" " = A which shows that tt € 
Mor(Coo(C); A). Let id S Coo(C)'' be the identity function: id(z) = z for all 
z G C Applying morphism tt to id S Coo(C)'' we get 7r(id) = id(a) = a E A^. □ 

Using the same techniques we show that P^-j, 6 rj A. In the next theorem we 
prove that they are in fact generators of A. 

Theorem 5.5. Let a, (3,^, 5 rj A be affiliated elements introduced in (|67p . Let us 

consider the set: 

V = {/i(a)/2(/3)/3(7)/4(<5) : /i,/2,/3,/4 e Coo(C)} C M{A). 

Then V is a subset of A and = A. In particular A is generated by elements 
aJ,jJeA^. 

Proof. Let us start with a proof that V C A. Mimicking the proof of Theorem l5.2l 
we show that elements of V satisfy the first and the second Landstad condition 
([3]). To check that they also satisfy the third one, we need to show that 

^fi{&)f20)f3{j)f4{S)y e Coo(G) Xp C2 (73) 

for any x,y E C*(C^). Let us consider the set 

W = Mi(a)/2(/3)/3(7)/4(% : /i,/2,/3,/4 e Coo(C), x,yE C*(C2)r'^ 

Note that W = {C* {C^)V C* {C^)^^'' . We wifi show that: 

W = Coo(G) XpC^ 
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which is a stronger property than ([75)) . Using (|67p we get 
W = {x[//i(a)[/*V2(/3)/3(7)(:^'/4(<5){/*2/ : 

/i,/2,/3,/4 e Coo(C), e C*(C2)}^'^ 
By unitarity of U we can substitute x with xC/* and y with Uy not changing W: 

W^{xh{a)U*^h{P)h{l)U^h{5)y ■■ /i,/2,/3,/4 e Coo(C), x,yeC*{C')y'\ 
The map 

3 (^1,^2) P^i,22(/(a)) = /(exp(-zi +2:2)0!) 
is norm continuous, hence; 

{f{a)x : / e Coo(C),x e C*{C^)r'' = {x/(a) : / e Coo(C),x e C*(C2)}^l^ 

In particular 

W ^ {h{a)xU*'h{l3)Mj)U^h{S)y : hJ2.h,h e Coo(C), y G C*(C2)}^'^ 
Similarly, we commute /4(5) and y: 

W={h{a)xU*^h{P)h{l)U^yfi{6) : hj2,hj4 & Coo(C), a;, y € C*(C2)}^'^ 
Substituting x with xU"^ and y with U*'^y we get 

W = {h{a)xh{f3)h{j)yU{6) : h,f2,h,h e Coo(C), x,y e C*(C2)rl^ 
Commuting back /i(q:) (fiiS) resp.) and x (y resp.) we obtain 

W = {xh{a)h{l3)h{l)h{S)y : /i,/2,/3,/4 G Coo(C), x,y G C*(C2)rl^ 
The last set is obviously the whole Coo(G) Xp C^. Therefore we conclude that 

elements of V satisfies the Landstad conditions and V C A. Moreover V is p*®*- 
invariant and the set C*(C^)V C*(C^) is linearly dense in Coo(G) xip C^. Using 
Lemma 12.61 we see that V^'^ = A. In particular a,f3,j,6 separate representations 
of A and 

{l + a*a)-\l + $*^)-^{l+r^)-\l + S*S)-^ e A. 
By Theorem 3.3 of ^T7] we see that A is generated by d, /3, 7, (5. □ 

5.2. Commutation relations. The aim of this section is to show that generators 
a,/3,^,d satisfy relations Note that in general it is impossible to multiply 

affiliated elements, so we have to give a precise meaning to (p^ . We start with 
considering a more general type of relations. Let p, q be real, strictly positive 
numbers and (i?, S) a pair of normal operators acting on H. The precise meaning 
of the relations 

RS = pSR 
RS* = qS*R. 

was given in |18] : 

Definition 5.6. Let (R, S) be a pair of normal operators acting on a Hilbert space 
H. We say that {R, S) is a (p, (7)-commuting pair if 

1. \R\ and \S\ strongly commute. 

2. (Phasei?) (Phased) = (Phased) (Phased). 
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3. On ker i?^ we have 

(Phasei?)|S'|(Phasei?)* ^ y^\S\. 

4. On ker S'^ we have 

(Phases') I i?| (Phases')* = y/qJp\R\. 

The set of all (p, (7)-comniuting pairs of normal operators acting on a Hilbert space 
H is denoted by Dp^q{H). Note that (1, l)-commuting pair of normal operators is 
just a strongly commuting pair of operators. 

We need a version of the above definition which is suitable for a pair of normal 
elements affiliated with a C*-algebra. In what follows we shall use the symbol 
z{T) to denote the z-transform of an element T: z{T) = T{1 + T*T)-t . 

Definition 5.7. Let A be a C* -algebra and (i?, S) a pair of normal elements 
affiliated with A. We say that [R, S) is a (p, g)-commuting pair if 

1. z{R)z{S*) ^ z{yfpqS*)z{y/^R) 

2. z{./^R)z{S) ^ z{^S)z{R). 

The set of all (p, g)-commuting pairs of normal elements affiliated with a C*-algebra 
A is denoted by Dp^q{A). 



It turns out that Definitions 
have: 



and 15.71 are in a sense equivalent. Namely we 



Proposition 5.8. Let (_R, S) he a pair of normal operators acting on H . It is a 
(p, q)- commuting pair in the sense of Definition \5.6\ if and only if 



z{R)z{S*) - z{^S*)z{^R) 
z{^R)z{S) ^ z{^S)z{R). 



(74) 



Proof. It is easy to see that a pair (i?, S) of {p, q)-commuting operators satisfies 
(fM]). We will prove the opposite implication. Using ([71)1 we get: 



z{./^R)z{S)z{Sy 



z{,/pqS)z{R)z{Sy 

S)z{y/pq S)* z{y/qjp R). 



Hence 



z{^RYz{^R)z{S)z{SY 

= z{\/q^ R)* z{y/pq S)z{^ Sy* z{^/q/p R) 
= z{S)z{S)*z(.y^Ryz{y^R). 

,2 



(75) 



(76) 



T is a normal operator, hence z^zt = ztz^ 



-\T\ 



and we get 



ziV^mY zi\S\f = zi\S\f (z(V^|i?|))'. 

This shows that (|i?|, jS"]) is a pair of strongly commuting operators. 

Using the polar decomposition of normal operators R and S we rewrite the 
second equation of ([74l) : 



Phase(i?)z(V97p|^l)^(l'S'|)Phase(S) = Phase(S')z(Vpg |S'|)0(|i?|)Phase(i?). 
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Strong commutativity of \R\ and \S\ and identities 

Phase(5)Phase(S')*z(|S'|) = z{\S\) 
Phase(i?)Phase(i?)*z(|i?|) = z(|i?|) 

gives 

Phase(i?)Phase(5')Phase(S')*z(|S'|)z(v/g7p|^l)Phase(S') 

= Phase(S')Phase(i?)Phase(i?)*z(|i?|)z(^ |S'|)Phase(i?). 

Uniqueness of the polar decomposition implies that phases of R and S commute: 

Phase(i?)Phase(S') = Phase(S')Phase(i?). 

Using equation d75|) we get 

Phase(i?)z(v/g7p|i?|)z(|S'|) = z{y/^\S\)Pha.se{R)z{^/^\R\). 

We already know that \R\ and \S\ strongly commute, hence 

Fhase{R)z{\S\)z{y/^\R\) = z{y^\S\)Phase{R)z{y/^\R\). 

This shows that on ker i?^ we have 

Phase(i?)|S'|Phase(i?)* = ^\S\. 

Similarly, one can prove that Phase(iS')|i?|Phase(S')* = \/q/p \R\ on ker 5'^. □ 

The next theorem shows that a, /3,j,S rj A satisfy relations (p^ in the sense of 
Definition 15.71 

Theorem 5.9. Let a, (3,^, 5 rj A be elements given by (|67p . Then 

1. {a,S),{$n) (ED,,jiA) 

2. (aj), {j,6) eD,^t{A) 

3. (d,7), eD,^t-^{A) 

where t — exp(— 2s). Consider normal elements a5 ^ jS'^ r] A (a product of two 
strongly commuting normal elements is well defined). Then (d(5, /37) G Di^i{A) 
and 

a6 ~ — 1. 

Proof. Directly from ^} it follows that {a, 5) £ and {f3,j) G Di^i(A). 

Note that the affiliated element ad r]Coc{G) is p-invariant: ^^(Qf^) — aS where 
p is the action defined by Therefore, at the level of the crossed product, aS 

commutes with C*{C'^). Using the fact that U € M{C*{C'^)) we get 

aS — UadU* — ad. 

Similar reasoning shows that $j — (3^. Therefore [aS^^^') £ Di,i{A) and 

aS — ^ aS — = 1. 

Now let us prove that (a,/?) G Using the faithful representation tt'^'^" of 

A on L'^{G) we can treat generators d, /3 as normal operators acting on L'^{G). We 
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(78) 



will show that € £'i_t(L^(G)) which by Proposition 15.81 is equivalent with 

the containment (d,/3) S Di^t(A). Using Lemma \5A] we get: 

Phase(a) = exp(islm(r; + T,.))Phase(a) 

|d| = exp(-sRe(r, +r^))|a|, 
Phase(^) = exp(-isIm(T; - Tr))Phase(/3) 
|/3| =exp(sRe(T,-r,))|/3|. 

Moreover, it is easy to check that 

exp(isIni(T; + r^))/3exp(-isIm(T/ + Tr)) = cxp(-2s)/3 

exp(islm(r; — rr))aexp(— isIni(T/ — Tr)) ~ exp(— 2s)a 

exp(-isRe(ri + Tr))\P\ exp(isRe(T; + Tr)) ^ \ exp(2is)/3| = |/3| 

exp(-isRe(r, - T,.)) |a| exp(isRe(T, - Tr)) = | exp(2is)a| = |a|. 

Equations ((77| and ([78| show together that: 

1. Phase(d)Phase(/3) = Phase(/3)Phase(d) 

2. Phase(d)|/3|Phase(d)* = exp(-2s)|/3| 

3. Phase(/3)|d|Phase(/3)* =exp(-2s)|d| 

4. \a\ and strongly commute. 

Note that kerd — ker/3 = {0} hence (d,/3) G Di^t{L^{G)) . Using the same 
techniques we prove all other assertions of our theorem. □ 

5.3. Comultiplication. Let A* e Mor(A; A) be the comultiplication on A. 
As was shown in Theorem 14.111 it is given by: 

A* (a) = TA(a)T*, (79) 

where A e Mor(Coo(G) xi C^; Coo(G) x C^(8)Coo(G) >^ C^) is uniquely characterized 
by two properties: 

. A{Ti) =Ti(S)I, A{Tr) =I(E)Tr; 

• A restricted to Coo(G) coincides with the comultiplication on Coo(G). 
In our case the unitary element T is of the following form: 

T = exp(isIm(T; (g) T,)) . (80) 

Theorem 5.10. Let (A, A*) be the quantum group considered above and let 
a, (3,^, 5 be the generators of A given by (|67p . Comultiplication A* acts on gen- 
erators in the standard way: 

A*(d) = d(gd + /3(g7 A*(/3) = d0/3 + /3(8)(5 
A*(7) =7®d + (5(g)7 A*((5) = (5(g) (5 + 7(8) /3. 

Remark 5.11. The action of A* in the formula above is given by the sum of 
affiliated elements. In general it is not a well defined operation. But in our case 
(as will be shown) this is a sum of two normal strongly commuting elements of 
[A® A)^ . This operation is well defined and gives a normal element affiliated with 
{A(S)Ayi. 
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Proof. Applying morphisni A to [/ G M(C*(r^)) (see (155]) ') we get: 

A{U) = exp(islm(r, ® T;)). (82) 

Let i? be a unitary element given by the formula: 

R = exp(islm(r; (g) T,)) exp(islm(r, ® T;)). 

Using (UHl), (EOl) and we get: 

A* (a) = i?(a ® a + /3 (g) 7)i?* 

= R{a(S)a)R* +R{P(»-f)R*. ^ ' 

Note that 

(C/* (g)U*)R = exp(isIm(T; (g> I - I(g> T;){I(g) Ti - Ti (g) I)) . (84) 

It is easy to check that elements (T^ g) I — I (E)Tr) and (/ (g) T; — T; ® /) strongly 
commute with a ig) a. Hence by identity ([Ml) . ([/* (E) U*)R commutes with a (g) a. 
Similarly, we check that the unitary element {U ® U)R commutes with /3 7. 
Using these two facts we get 

R{a (g) a)R* ^ {U ® U){U* ® U*)R{a ® a)R*{U ® U){U* ® U*) , . 

= (f7(gf7)(a(ga)(C/*(8)C/*) =d(ga ^ ' 

and 

i?(/3 (g) 7)i?* = {U* (g [/*)([/ g) C/)i?(/3 (g -f)R*{U* (g C/*)(C/ (g C/) 

= (C/*®C/*)(/3(g7)(C/(gC/) = /3g)7. ^ ^ 

Equations (|85]), (HH) give: 

A*(d) =d(ga + /3(g7. 

All other assertions of our theorem are proven using the same techniques. □ 
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